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B HacToameii pa6oTe mm o6o6maeM onpe^ejieHne npoH3Be^,eHHa o6pa3yioiiniMH 
Ha Kjiacc pa3peniHMbix ajire6p Jim. Mbi nccjie^yeM hhcjio nHBapnaHTHt>ix (pyHKHiiii 
Konpncoe^HHeHHoro npe^CTaBJieHna sthx ajireSp nocpe^CTBOM ypaBHeHiifi Maypepa- 
KapTaHa h npuBO^iiM HeKOTopbie npHJico«eHHa k CTpyKTypaM npoH3Be,n;eHHa Ha ajireSpax. 

1 BBe^eHne 

Pa3peniHMbie ajireSpbi J1h cocTaBJiaiOT BajKHbiii KJiacc ajireSp He TOJibKO b cb33h 
c MHoroHHCJieHHbiMH npHJiojKeHHaMH k reoivieTpHH h MexaHHKe, HO TaK»ce H flJia 
KjiaccH(pHKan,HH ncuiynpaMbix cyMM ajire6p Jim (xaK H3BecTHO, ncuiynpocTOH cjiyaaii 
KjiaccH(pHH,HpoBaH). B o6meM cjiyaae KjiaccH(pHKaHHa He Sbijia npoBe^eHa H3-3a 
OTcyTCTBHa o6ihhx CTpyKTyp ,a,jia pa3peniHMbix ajire6p Jim (TaKHx, KaK cpopMa KHjuiHHra) . 
B HacToamen pa6oTe mm nccjie^yeM pa3peniHMbie ajireSpbi Jim cneHiiajibHoro BH^a, 
KOTopbie mm Ha3MBaeM npoH3BefleHH3MH o6pa3yiOHi;HMH. BynyaH H3HaaajibHO onpe^ejieHHOH 
fljia HHJibnoTeHTHMx ajire6p, onepaHiia npoH3Be,n;eHHa oSpasyioiHHMH MOJKeT 6biTb 
onpe^ejieHa m b cjiyaae pa3peniHMbix ajireSp Jim. 3to npHBO^HT k MeTcmy nocTpoeHna 
Hepa3Jioa<HMMx ajire6p Jim b 6ojibniHx pa3MepHOCTax. 

Mm HCCJie^yeM TaKJKe ^Ba npHJioaceHHa: HHBapnaHTM KonpncoeflnHeHHoro npe^CTaBJieHHa 
h CTpyKTypbi npoH3Be^;eHHa Ha rpynnax Jim (mm H3ynaeM ajire6pbi Jim rpynn Jim). 
Mm noKa>KeM, hto npoH3BefleHHa oSpaayiomiiMH OTKpbiBaiOT ecTecTBeHHMH cnocoS 
H3yaeHHa CTpyKTyp npoH3Be,i],eHHa m napaKOMnjieKCHbix CTpyKTyp b npoH3BOJibHOH 

pa3MepHOCTH. 
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2 IIpoH3Be^eHHe o6pa3yioiii,HMH pa3peniHMt>ix ajireSp 
Jin 



IlpoH3BefleHHe o6pa3yioni;HMH Smjio HSHanajibHO BBefleHO ;j;jia HiiJibnoTeHTHbix ajire6p 
fljia H3yneHH5i ciiCTeM BecoB. BBefletmbie nocpeflCTBOM rpadpa BecoB, oho mojkgt 
6biTb oxapaKTepii30BaHO pacimrpeHiiaMH, hto no3BOJiaeT sdpdpeKTHBHO paSoTaTb c 
ypaBHeHHaMH Maypepa-KapTaHa 3ia onepaipia Mox<eT 6biTb o6o6iu,eHa Ha cjiynaii 
pa3peniHMbix ajire6p J1h; b btom cjiynae mm yx<e TepaeM Harjia^Hyio HHTepnpeTaipiio 
nocpe^CTBOM rpadpoB. 3Ta onepaipia no3BOJiaeT CTpoHTb Hepa3Jio>KHMbie ajire6pbi 



KaK o6mhho, o6o3HanHM nepe3 Z (g) n,eHTp ajireSpbi Jim g, a nepe3 61(5) — nepBoe 
hhcjio BeTra, to ecTb pa3MepHOCTb npocTpaHCTBa Hi(q, R). 



TeopeMa 1 IJycmb Qi [i = 1,2)— pa3pemuM,ue ciAse6pu JIu, nycmb b\ (g^) = dim ( j g g ' g .] J ■ 
Tosda cymecmeyem eduHcmeeHHoe i^enmpaAbHoe pacuiupenue e 3am gi©g 2 , ydoeAtmeopsimv^ee 
c/iedywmuM ycAoeuHM: 

1. b x {t) = 61 (fli) + 61 (g 2 ) 

2. dim D 1 (e) = dim D 1 ( 01 ) + dim D 1 (g 2 ) + h ( 01 ) h (g 2 ) 

3. dim/)* (e) = dim/) 1 + dim/)* (g 2 ) , z > 2 

^. dim Z (e) = dim Z (fli) + dim Z (g 2 ) + 61 (gi) b x (g 2 ) . 

^HoKa3aTejibCTBO. ,I[oKa3aTejibCTBO — dpopMajibHO to me caMoe, KaK h b HHjibnoTeHTHOM 
cjiynae [3 E] , npn stom y6biBaioiii;aa n;eHTpajibHaa nocjie^OBaTejibHOCTb 3aMeHaeTca 
Ha npoH3BO^;yio nocjieflOBaTejibHOCTb. cDaKTiiaecKii pacmiipeHiie onpe^ejiaeTca nocpeflCTBOM 
KOipiKJia ipe H 2 (gi © g^R^ 1 ) 62 ^ 2 )), T aK hto 



— MHHHMajibHbie HaSopbi o6pa3yioiii;Hx jj,jia gi 11 g 2 cooTBeTCTBeHHO. Ecjih jei, .., eb 1 ( fll )6 1 ( 02 ) 



JTh. 





YcjiOBHe (1) no^pa3yMeBaeT, hto 




— KaHOHH^ecKHH 6a3HC b R ^ 01 ' 2( - 92 ^ to mm MOJKeM Bbi6paTb TaKoro npe^CTaBHTejia 
ip, fljia KOToporo hmcgt MecTO 
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CooTBeTCTByioinee paciniipeHiie y/iOBJieTBopaeT BceM TpeSoBaHHHM TeopeMbi. ■ 

IlycTb Bi — 6a3HC ajireSpbi Qi (i = 1,2). Tor^a ckoSkh JIh b ajireSpe 0i_x_02 
npe^CTaBjiaiOT coSoii oS^e^HHeHHe ckoSok fljia ajireSp 0i h 02 h, KpoMe Toro, ckoSok 
BHfla [X, X'] fljia Bcex o6pa3yiomHx X G gi hX' 6 g 2 . B cnjiy ypaBHeHHa Maypepa- 
KapTaHa, HCKOMoe pacniHpeHne mojkct Smtb nojiyaeHO floSaBjieHHeM k b\ (gi) b\ (02) 
2-cpopMbi BHfla 

= Ui A ^, 

r/ie a;, (cootb. u;-) — cpopivia, cooTBeTCTByiomaa oSpasyiomeii Xi G gi (cootb., X 2 G 
02). Onpe^ejiHM Tenepb npoH3BefleHne o6pa3yioiu,HMH cjie^yiomHM o6pa30M. 

Onpe^ejieHne 1 IIpou3eedeHue o6pa3yK>w i UMU gi _x 02 npedcmaeAHem co6ou u ) eHmpaAt>Hoe 
pacmupeuue gi © 02, onpedejiennoe kaciccom zomoaozuu if. 

IIpe^jictfKeHHe 1 Ecau g» — pa3pemuMaH aAse6pa JIu undeKca ji npu i = 1,2, mo 
0i2i02 — Hepa3AootcuMdH aAse6pa JIu uudenca max {ji, j 2 }- B uacmHocmu, 0i_x_02 = 

02X.01- 

To ecTb, pacninpeHne 0i_x_02 — 022101 aBJiaeTca pa3peniHMOH ajireSpoii JIh. 

Onpe^ejieHne 2 IJycmb g — pa,3pewuMa,H aAse6pa JIu. AAse6pa g Ha3ueaemcH 
npou3eedeHueM o6pa3yiow i UMU, ecAU cymecmeywm noda,Ase6pu gi u 02, manue umo 
g ~ gi 2£g 2 . 

IIpefljioaceHHe 2 ,Z£/i.« ak>6oso d > 4 cyu^ecmeyem pa,3pewuMa,H aAse6pa JIu d-so 
nopndKa. Tosda cymecmeyem napa (01,02) fedecb Qi — nodaAse6pa), m.%. ~ 0i_X02- 

/JoKasaTejibCTBO. ,Hjih JiioSoro n > 3 invieeM pa36neHHe 

n = (n - 2) + 1 + 1. (5) 

IlycTb t n — ajireSpa JIh, b KOTopoii CKoSKa HMeeT bh,h; 

[X^Xj] =Xj, 2<n-2 (6) 

b 6a3Hce {Xi, .., X n _ 2 }. AjireSpa JIh x n — pa3peniHMa h He HiuibnoTeHTHa. ,Hajiee, 
dimr n / [r n ,r n ] = 1. Ecjih Li — aSejieBa ajireSpa nepBoro nopa/iKa, to npoH3BejieHHe 
X\X_Bi npe^CTaBjiaeT coSoii pa3peniHMyio ajireSpy n-ro nopa^Ka (3a HCKjnoaeHHeM 
cjiynafl n — 3, Tax kbr X3 = Li, cjieflOBaTejibHO t3_x_Li H30MopcpHa ajireSpe TeH3eH6epra 
h:)- ■ 

Ecjih oflHa H3 ajireSp 0i hjih 02 pa3peniHMa, to npoH3BejieHHe sthx ajireSp TaKJKe 
pa3peniHMa. HivieiOT MecTO cjieflyiomHe CBOHCTBa: 

IIpe^jio^ceHHe 3 Llycmb g — npou3eedenue o6pa3ytow ) UMU. Tosda 
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1. dim [g, g] < dimg — 2. 

2. dimZ(g) > 1. 

3. dim g > 3. 

4- Ecau ajize6pa g pa3pemuMa u HeHUAbnomeHmna, mo cymficmeyem pa,3pewuMa,H 
HeHUAbnomeHnmaM nodaAse6pa gi u g 2 rnaicau, umo g ~ gi_xg 2 . 

IlpHHHMaa bo BHHMamie nepenHCJieHHbie Bbinie CTpyKTypHbie pe3yjibTaTbi o npoH3Be,n;eHHHx 
o6pa3yioni;HMH, mm MoaceM nojiyHHTb nojiHyio KJiaccH(pHKaHHio TaKHX ajire6p, onnpaacb 
Ha y>Ke H3BecTHyio KjiaccHcpHKaipno b hh3hihx pa3MepH0CTax. ripHBe^eM KjiaccHcpHKaHiniio 

B pa3MepH0CTH CeMb C TOHHOCTbK) ,0,0 H30MOpCpH3Ma. 

Ilpe^jio^ceHHe 4 IlycmbQ ~ gi_x_g 2 ~~ npouseedenue o6pa3yioui i UMU, u nycmb (c?j,TOj) = 
(dimgj, b\ (g^)) npu i = 1,2. Ecau dimg = 7, mo UMeem Mecmo odun U3 CAedywmux 
CAynaee: 



1. (tZj 


m-i) 


= (5,1) 


(d 2 


m 2 ) 


= (1,1 


2. (di 


mi) 


= (4, 1) 


(d 2 


m 2 ) 


= (2,1 


3. (di 


mi) 


= (3,1) 


(d 2 


m 2 ) 


= (3,1 


4- (di 


mi) 


= (4,2) 


(d 2 


m 2 ) 


= (1,1 


5. (di 


mi) 


= (3,2) 


(d 2 


m 2 ) 


= (2,1 


6. (di 


mi) 


= (3,1) 


(da 


m 2 ) 


= (2,2 


7. (dt 


mi) 


= (3,3) 


(d 2 


m 2 ) 


= (1,1 



B nacmuocmu, ecAU b\ (g) = 4, mo aAze6pa g neAfiemcH HUAbnomenmHou. 

^HoKa3aTejibCTBO. Tax KaK dim (gi _xg 2 ) = di+d 2 +mim 2 , flajibHenniaa KjiaccHcpHKaHHH 
cbojihtch k pa36neHHio nncjia ceMb b cyMMy Tpex HaTpyajibHbix nnceji. YHiiTbiBaa 
h (gi>ig 2 ) = 61 (gi) + h (g 2 ) = mi + m 2 h dimg = 7, mm HMeeM 2 < b x (gi>£g 2 ) < 4. 
Ecjih b\ (gi_x_g 2 ) = 2, to m\ = m 2 = 1, h mm npnxojiHM k cjiynaaM 1.-3. Ecjih 
b\ (gi_x_g 2 ) = 3, mm HMeeM 

7 = c?i + d 2 + 2. 

Ecjih g?i = 4, to d 2 = 1, cjiejj,OBaTejiBHO m 2 = 1, m 2 = 2. Mm npnxoflHM k cjiynaio 
4. Ecjih g?i = 3 h <i 2 = 2, to jihSo mi = 1 h m 2 = 2, jih6o mi = 2 h m 2 = 1. 3to 
npHBOflHT Hac k cjiynaaM 5 h 6. Ecjih 61 (gi x_0 2 ) = 4, to gi h g 2 — a6ejieBM ajireSpbi, 
h npoH3Bejj;eHHe gi x_g 2 HHJibnoTeHTHO. ■ 

,Hjih nopaflKOB n > 8 mm mojkcm peniaTb 3Ty 3a,n;aHy, ho TaK KaK pa3peniHMbie 
ajir6epM J1h pa3MepHOCTen n > 7 He KjiaccH(pHHHpoBaHbi (nocjiejjHHH H3BecTHaa 
pa3MepHOCTb — niecTb 0E1), pe3yjibTaT He 6mji 6m OKOHnaTejibHMM. 
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3 IIpHMeHeHHe k HHBapHaHTaM 



HHBapnaHTbi Konpncoe^riiHeHHoro npe^CTaBjieHna HrpaiOT Ba>KHyio pojib b Teopiiii 
npeflCTaBjieHHH, a TaKJKe bo mhoitix reoMeTpnnecKHx n dpnsHHecKnx npmio>KGHH3x 
(KBaHTOBbie HHCJia ii orpaHiineHna npe,ncTaBJieHHH ^Jia MO^ejieii b a^epHofl 11 aTOMHon 

(pH3HKe) . 

OflHHM H3 CTaH^apTHbix MeTO^OB rjisi onpe^ejieHna 3thx iiHBapiiaHTOB aBjiaeTca 
Teopna ^,H(p(pepeHD;HajibHbix ypaBHemin; OHa no3BOJiHeT nojiynaTb He TOJibKO nojiHHOMiiajibHbie 
iiHBapiiaHTbi (cBa3aHHbie c onepaTopaMii Ka3iiMHpa) , ho TaKJKe h nppannoHajibHbie 
(pyHKii^HH, KOTopbie HaxoflHT npHMeHeHHe b TeopHH HHTerpnpyeMbix raMHJibTOHOBbix 
cncTeM [El El- IlycTb {Cy} — CTpyKTypHMH TeH3op ajireSpbi J1h g b 6a3nce 
{Xi, ..,X n }. IlycTb 

X, = -C%x k d x . (7) 

— npeflCTaBjiemie ajire6pbi J1h, r^e [Xj,X,] = Cf^Xk (1 < i < j < n, 1 < k < n). 
AHajiHTHnecKaa (pyHKiriiJi F (Xi, ■■,X n ) Ha g* hbjihctch HHBapnaHTOM Konpncoe,niiHeHHoro 
npeflCTaBJieHHa ajireSpbi J1h g Torna h TOJibKO Torna, Korna 

X t F (a?!, .., x n ) = -CijX k d Xj F (x 1} .., x n ) = 0, 1 < i < n. (8) 

06mee hhcjio A/" (g) peineHnii (icaK nojinHOMnajibHbix, Tax h HenojiHHOMnajibHbix) 
CHCTeMbi JHJ) 3aflaeTca dpopMyjioH 

N (g) = dim g - rank (Cjx fc ) , (9) 

rue iviaTpnna A(q) Bbipa>KaeTCH no cpopiviyjie: 

A(g) = (Cja*) , (10) 

b 6a3Hce {Xi, .., X n }. 3tj (popMyjiy mojkho TaKxce HHTepnpeTnpoBaTb c Hcnojib30BaHHeM 
ypaBHeHHA Maypepa-KapTaHa cjie^yioiiiHM o6pa30M. IlycTb £(g) = ^{du>i} 1<i<dimg 

— no^npocTpaHCTBO npocTpaHCTBa /\ 2 Q*, nopojK^eHHoe 2-dpopiviaMH du>i. TaK KaK 
dim £(g) = dim (g) Tor,na n tojibko Toryja, Kor^a du>i ^ npn Bcex z, to ecTb g = [g, g] , 
ecjin u = a l duJi — ajieivieHT o6mero nojio>KeHHfl b £(g), Tor,na cymecTByeT jo (u) G N, 

T.H. 

jo(u) jo(w)+l 

A A w = ( n ) 

Torna r = 2j (k>), rn;e r (uj) — paHr 2-dpopMbi ui [TH]. ITojiojkhm 

jo (g) = max {jo (w) | u e £(g)} . (12) 

OneBH^HO, hto jo (fl) — hhcjioboh HHBapnaHT ajireSpbi Jin g. KopoTKoe BbinncjieHne 
noKa3biBaeT, hto 

A/-(g) = dimg-2jo(g). (13) 
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<J>opMyjia (fl3|) BaxcHa fljia oiieHKH Hiicjia HHBapnaHTOB nojiynpaMbix npoH3Be,oeHHH 
b tom cjiynae, Kor^a o6ihhh MeTO,n, y>Ke He pa6oTaeT. 

JXjih onpe^ejieHHa ^iicjia He3aBHCHMbix HHBapnaHTOB npiiMemiM (popMyjiy (II 3j) . 
y^HTbiBaii ypaBHeHHH Maypepa-KapTaHa. IlycTb gi e 32 — pa3peniHMbie ajireSpbi 
Jim pi nycTb {C^} (cooTBeTCTCBermo {C /m }) — CTpyKTypHbiii TeH3op ajireSpbi 0j 
(i = 1,2) b 6a3Hce cootb. |X{, .., X^ 2 }. YpaBHeHna Maypepa-KapTaHa 

HMeiOT BHfl: 



rfcji = 0, 1 < z < mi (14) 

7*^; A Up 



dujk = —CtfUiAUj, k > mi, (15) 



fljia 0i, npn 3tom 



<icj- = 0, 1 < z < m 2 (16) 
du' k = -C^u'i A u'j, k > m 2 . (17) 

fljifl 02- Tor^a ypaBHeHHa ^jia npoH3Be^,eHHii 0i_x_02 HMeiOT bha (15)-(18) i 

drjij = uji A u'j, 1 < z < mi, 1 < j < m 2 . (18) 

^jia Bcex Xj (cooTBeTCTBeHHO fljia XQ 

XjjcUj = 8ij (cootb. X[juj'j), (19) 

r,ne _j — BHyTpeHHe npoH3Be,oeHHe. Hhcjio M (0) mojkho nojiyHHTb H3 MaKCHMajibHoro 
paHra BJieivieHTOB oSniero nojioaceHHa, 3a,naBaeMoro cpopiviyjiaMH (15)-(19). IIpHBOflHMbiH 
HH>Ke pe3yjibTaT 3a^aeT MeTO,a, Haxo>KfleHHfl 3Toro ^ncjia. 

Ilpe^jio^ceHHe 5 IJycmb Uq G C(qi), u nycmb u' Q G £(02) — dee <fiopMU, m.H. 
JoM = Jo (0i) u j (u' ) = jo (02)- nycmb F C {l,..,m,i} u F' C {1, ..,m 2 } 
nodMHOofcecmea, m.H. 

l.VaeF=> X q jcj = 0. 



Tosda 
sde 



Jo (0i2102) = Jo (0i) + Jo (02) + Jo M , (20) 
u = ^ u oi A up. (21) 

aeF,PEF> 



B uacmnocmu, 

mim 2 < A/" (0i2102) < M (01) + AT (02) + (mim 2 - 2j (w)) . (22) 
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/JoKasaTejibCTBO. YpaBHHHa Maypepa-KapTaHa 0i210 2 nojiynaiOTca 113 ypaBHeHiiii 
(15)-(18). Hhcjio He3aBHCHMbix HHBapnaHTOB BbinncbiBaeTca no (popiviyjie 

A/" (fli xg 2 ) = dim (0i X0 2 ) - 2jo (0) , (23) 

r^e 9 G C (0i210 2 ) — oSiiraa dpopivia MaKCHMajibHoro paHra. IlycTb a G F. TaK KaK 
uj G C(qi), ypaBHeHne X a _iuj = noflpa3yivieBaeT, hto [X, X a ] = ^X^ 7^ fljia 
Bcex X G 0i (to ecTb, dook He jiokht b do). JlerKO BH^eTb, hto 

id + id' + ^ W a A (24) 

HMeeT MaKCHMajiHbiii paHr, Tax KaK jo (^0) — jo (01) , Jo O^o) = Jo (02) h ^ £ (01) + 
£(0 2 ). Tor^a 

A/" (0i2102) = dim0i + dim02 + mim 2 -2(j o (cjo)+jo(^o)+io(^)) 

= A^(0i)+A^(0 2 ) + (mim 2 -2joH). (25) 

mim 2 < A/ - (012102) cjie^yeT H3 Toro dpaKTa, hto ,u;o6aBJieHHbie sjieivieHTbi aBJiaiOTca 
n;eHTpajibHbiMH. ■ 

Cjie^CTBHe 1 Ecjiu Af (01) = A/"(0 2 ) = 0. mo A/"(0i2102) = m\m 2 . 

^OKa3aTejibCTBO. B stom cjiy^ae Af (01) = A/"(0 2 ) = 0, cymecTByioT 2-cpopMbi 
td G £ (01) h id' G £ (0 2 ), t.h. dim0! = 2j (cj ) h dim0 2 = 2j (<^ )- To eCTb ; 4>opMa 
6 = u + u' HMeeT paHr dim0i + dim0 2 . AjireSpa 0i2102 coflep>KHT b tohhocth mim 2 
n;eHTpajibHbix sjieivieHTOB. TaKiiM o6pa30M, dpopivia 9 HMeeT MaKCHMajibHbiii paHr. ■ 

3aMenaHHe 1 06pamHoe, eoo6mfi zoeopn, neeepno. nycmt — aAse6pa JIu, 3adaeaeMan 
ypaeneHUHMU 

dui = u 2 A Ld 3 + lj 1 A CJ4 

did 2 = Ld 2 A CJ4 — Ld 2 A Ul§ 
oi<J3 = CU3 A CJ5 

rfcj 4 = cLu 5 = 

0opMa id = ckdi ydoejiemeopnem ypaeueuum jo (do) = jo (0) = 2, mo ecmb Af (0) = 
1. Tosda 0210 — pa,3pemuMa,H aAse6pa JIu lJ^-zo nopndKa (man KaK b\ (0) = 2), npu 
smoM ypaenenuH Maypepa-Kapmana UMetom eud 

ddi = d 2 A d 3 + u 1 A uj 4 , ckd[ 

did 2 = d 2 A d 4 — d 2 A cj 5 ; did' 2 

duj 3 = d 3 A d 5 ; dd' 3 

dcu 4 = did 5 = 0; ckd' 4 



= id' 2 A id' 3 + Ld[ A Ld' 4 ; di]i = id 4 A Ld' 4 

= id' 2 A id' 4 — Ld' 2 A id' 5 ; di] 2 = id 4 A Ld' 5 

= id' 3 A Ld' 5 ; drj 3 = id 5 A id 4 

= ckd' 5 = 0; dr/4 = id$ A u' 5 
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e 6a,3uce {uii, ..,Uq,u[, ..,uj' 5 ,r)i, ..,774}. Uycmb 6 = a % duJi + ftdu'j + ^drjk € £ (gx_g) 
— ajieMenm o6w i ezo noAootcenuH. Tozda /\ 6 9 = u 

5 

/\0 = (a 1 ) 2 (/3 1 ) 2 7 4 co>i A uo 2 A cj 3 A tu 4 A u 5 A ^ A u' 2 A A CJ4 A u' 5 ^ 

mozda u moAbKO mozda, noda a 1 / 9 1 7 4 7^ 0. <PopM(i 6' = doj\ + da^ + c/774 UMeem 
MaKCUMOJihnufi panz, npu amoM /V(g_xg) = 4. B uacmuocmu, mu noAynaeM, nmo 
ec.au F u F' ne nycmu, mo amoM 00 = drj^ ydoejiemeopaem ycAoeuw jo (oj) = 1, 
mozda 27V (g) — 2j (00) = 0. KpoMe mozo, a,Aze6pa gx_g UMeem uemupe onepamopa 
Ka3UMupa, e mo Mce epeMH g ne UMeem noAunoMuaAbnux uneapuanmoe (ho Auuib 
pai^uonaAbHue UHeapuanmu). 

4 IIpHjio^ceHHa k CTpyKTypaM npoiOBe^eHHH 

ripHBe^eM Tenepb HeKOTopue npnjicoKeHHa k ^HCpcpepeHiniajibHO-reoMeTpHaecKHM 
CTpyKTypaM Ha rpynnax JIh. 3th KOHCTpyKHiiH no3BOJiaiOT nojiynaTb HeKOTopbie 
HOBbie ajireSpbi ilii b npoH3BOJibHbix pa3MepHOCTax, KOTopbie o6pa3yiOT HOBbie KJiaccbi, 
nonojiHaiomHe n3BecTHbie cjiyaari. 

Onpe^ejieHiie 3 Ltycmb E : g — > g, E ^ ±id — uneoAwmueHuu aemoMopd)u3M 
a,Aze6pu g. B amoM CAyuae aemoMopaiu3M E 3adaem cmpynmypy nonmu npou3eedeHUH. 
roeopnm, nmo E 3adaem cmpynmypy npou3eedenuH, ecAU UMeem Mecmo unmezpupyeMOcmb, 
m.e. ecAU 8ah ak>6ux X, Y G g UMetom Mecmo CAedywu^ue mootcdecmea. 

E [X, Y] = [E (X) , Y] + [X, E (Y)} -E[E(X),E (Y)} . 

Mbi HMeGM pa3Jio>KeHHe 

= 0+©0-, (26) 

r,n;e g + — co6cTBeHHoe noflnpocTpaHCTBO, cooTBeTCTByiomee coScTBeimoMy 3HaHeHiiio 
A = 1, ag_ — co6cTBeHHoe npocTpaHCTBO, cooTBeTCTByioni;ee co6cTBeHHOMy 3HaHeHHio 
A = —1. Ecjih ycjiOBHe nHTerpnpyeMOCTn BbinojiHaeTca, to no^npocTpaHCTBa g+ 
m g_ aBjiaiOTca no^ajireSpaMH. TaKHe CTpyKTypbi Sbijih iisyaeHbi fljia paajiiiaHbix 
THnoB ajireSp Jim m KjiaccHCpninipoBaHbi rjisi ajire6p Jim pa3MepHOCTeii n < 4 ^1]. B 
HacToameM pa3flejie mm noKa3biBaeM, hto npoH3Be^eHHa o6pa3yioni;HMH ^aiOT HOBbie 
HeTpHBnajibHbiM npiiMepbi ajire6p Jim, oSjiaflaiomiie TaKoli CTpyKTypofi; 9th ajireSpbi 
onpe^ejiaiOTca b TepMrmax cbohx no^ajireSp. 

IIpefljio^ceHHe 6 Ltycmb g, (i = 1,2)— pa3peuiuMue aAze6pu JIu, u nycmb E^ (i = 
1,2) — cmpynmypa npou3eedenun dAH i = 1, 2. Ltycmb E\ (Xj) = EjXj npu 1 < j < 
n , €j = ±1 e 6a3uce {X\, .., X n } (coome. E 2 (Xj) = £jXj npu 1 < j < m , Sj = ±1 
e 6a,3uce {X[, .., X' n }). Tosda gi><_g2 sieAHemcH cmpynmypnuM npou3eedenueM. 
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^I,OKa3aTejibCTBO. Be3 orpaHHneHHH o6ihhocth 6y,n;eM CHHTaTb, hto X, (1 < i < b\ (gi) < n), 
t.h. Xi ^ [flijfli] (no aHajioriiii co cjiynaeM 02). IlycTb [Xj, Xj] = Z^ npn 1 < 
i < &i(0i),l < j < h(g 2 ) h E : gi>£02 -> Si>102 by E\ Sl = E 1 — BeKTopHoe 
OTo6pa>KeHHe, t.h. E\ Sl = E\ h nycTb E\ S2 = E 2 . Kpoivie Toro, fleiicTBHe E Ha 
hobmx sjieMeHTax — flnaroHajibHO. Tax KaK E\ h E 2 HHTerpHpyeMbi, npH stom 
[0i,-D 1 02] — [-D 1 0i)02] — 0, HaM flocTaTOHHO npoBepHTb ycjiOBne HHTerpnpyeMOCTH 
jinnib Ha napax {X,X') E 0i©0 2 c [X,X'] ^ 0: IlycTb X = a*X; + (3 j Yj (i < n) h 
X' = ^ k X' k + 5 l Y{, r^e Y { G [0i,0i] cootbgtctbghho Y( G [02,02]- Tor^a 

E [X, X'] - [E (X) , X'] - [X, E (X')] +E[E(X),E (X')] 
= a^ k E (Z ik ) - aV ( £ i + £k) Z ik + d^e^E (Z ik ) 
= ^^{(l + Sie^EiZ^-isi + e^Zik}. (27) 

HtoSm ypaBHeHne (28) oSpaTHjiocb b hojib, ,h,jih Bcex nap (i, k) HaM HyjKHO E (Zi k ) = 
\kZik s Ajfc = ±1. HMeiOT MecTO ^Ba pa3JiHHHbix cjiy^iaa: 

1. Ilpn (io, fco) mm HMeeM £j +£fc = 0. Tor^a l+Ei e ko = 0, h mm mojkcm nojio>KHTb 

Xi k paBHMM 1 HJIH —1. 

2. Ilpn (io, ko) HMeeM Si + e ko 7^ 0. Tor^a sgn (e io ) = sgn (e ko ); TaKHM o6pa30M, 
2E (Z ioko ) = ±2Z io k , nosTOMy \i oko = ±1; 3HaK BbiSnpaeTca b 3aBHCHMOCTH ot 

^eiicTBHe E Ha Z^ nojiHOCTbio onpe^ejieHO b cjiynae (si + e k ) 7^ 0. B ocTajibHbix 
cjiynaax mm MCotceM Bbi6paTb 3HaK rjih \j. J\jih pa3JiO)KeHHa (|26l) mm HMeeM 

0^ = 0+ 1 ©0+ 2 © (Z^ I \j = 1) (28) 
Q E = Q El © 0^ 2 © (Z^ I \j = -1) (29) 

TaK KaK Ei h E 2 HHTerpnpyeMM, to 0+ h 0^ hbjihiotch no^ajire6paMH b 0i_X02- ■ 
IIpHMep 1 PaccMompuM menepb CAedytov^ue ajize6pu JIu t 4 u t^o-' 

r 4 : [X , Xi] = X h [X X 2 ] =X X + X 2 , [X , X 3 ] = X 2 + X 3 (30) 
e 6a,3uce {X , Xi, X 2 , X 3 } u 

t4,0 : [X4,Xs] = Xq, [X4,Xj] = Xq (31) 

e 6a3uce {X 4 , X 5 , Xq, X 7 }. Ilycinb npou3eedenue t^xy^o- B 6a3uce {X , .., Xg} aAse6pa 
3adaemcM cko6kclmu 

[X ,X 4 ] = Xg, [X ,X 7 ] = X 9 . (32) 
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u KOMMymav i uoHHUMU coomnomeHUHMU (31)-(32). AAze6pMX^ ux^ UMewm cmpynmypy 
Ei, coome. E 2 , zde 



E 1 (X,) 
E 2 (X t ) 



X h i = 0,l; E 1 (X i ) = -X i , i = 2,3 
X t , 2 = 4,5; E 2 (X i ) = -X t , i = Q,7. 



(33) 
(34) 



Tenepb onpedeAUM E : t^t^o — ■> x^xx^o manuM o6pa30M, umo E\ V4 = E\, E 
E 2 . M.3 npedAOMcenuH 6 cjiedyem, umo 



E (X 8 ) — X 8 , E (Xg) — XXg, 



(35) 



sde X = ±1. Ecau X = 1, mo mm nojiyuuM cmpynmypy na t^xt^o, m.u. dim ^xt^o)^. = 
6, dim (t4X_t4 i o)_ = 4, e mo epeMH kcik eu6op X = — 1 3adaem cmpynmypy c 
dim (t4X_t 4i o) + = dim (r 4 x_r4 5 o)_ = 5. 

Onpe^ejieHne 4 IJycmb g — aAse6pa JIu co cmpyKmypou npou3eedeuuH E. Ecau 
dimg + = dimg„, mo E na3Meatom napaKOMUAeKCHOu cmpyKmypou na g. 

Cjie^CTBHe 2 IJycmb g — pa3pemuMan aAse6pa JIu, 3ah Komopou {Xi, ..,X 4m , .., X 2n }, 
man umo b\ (g) = Am, u nycmt E — napaKOMnAeKcnan cmpynmypa. Ecau 

1. Xi D l g npu 1 < i < Am, 

2. Xi E g + npu 1 < % < 2m and Xi e g_ for 2m + 1 < i < Am. 



mo g + x_0_ donycnaem napaKOMnAeKcnyto cmpynmypy. 

/JoKasaTejibCTBO. TaK KaK E — napaKOMimeKCHaa CTpyKTypa, to pa3MepHOCTb 
dimg + _X0- Heraa. IlpeflJioJKeHHe 6 3a,a,aeT CTpyKTypy npoH3Be,a,eHHa E Ha g + x_0-. 
OrpaHHHemie Ha g + h g_ aBjiaeTca TO>KflecTBeHHbiM(cooTB., aHTHTOK^ecTBeHHbiM) 
OToSpajKeHHeM. YcjiOBHeM 2 (cm. fl0Ka3aTejibCTB0 npefljiojKeHna 6) 3HaK E (\Xi,Xj\) 
(1 < i < 2m, 2m + 1 < j < Am) onpe^ejieH 6biTb He mojkct. H3 Am 2 sjieivieHTOB BH^a 
[Xi, Xj] conocTaBHM 2m 2 sjieivieHTaM 3HaK njiioc, a ocTajibHbiM 2m 2 sjieivieHTaM — 
3HaK MHHyc. IlosTOMy dim (0+x_0-.) + = dim (g + _xjJ-.)„ = n + 2m 2 . ■ 

IlpeflbiflyiiniH npHMep noKa3biBaeT, hto ycjiOBHe aBjiaeTca ^ocTaTOHHbiM, ho He 
HeoSxoflHMbiM fljia cymecTBOBaHna KOMnjieKCHbix CTpyKTyp Ha npoH3BefleHHax. 

Abtop BbipajKaeT SjiaroflapHOCTb A.B.MepHaBCKOMy 3a npnrjiaHieHHe Ha KOHCpepeHHHio 
h B.O.MaHTypoBy 3a ueHHbie o6cy>KfleHHa h noMomb. 



3. 6i (g+) = h (g_) = 2m. 
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